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Abstract 

We derive the N-point one-loop correlation functions for the currents of an arbitrary affine 
Kac- Moody algebra. The one-loop amplitudes, which are elliptic functions defined on the 
torus Riemann surface, are specified by group invariant tensors and certain constant tau- 
dependent functions. We compute the elliptic functions via a generating function, and ex- 
plicitly construct the invariant tensor functions recursively in terms of Young tableaux. The 
lowest tensors are related to the character formula of the representation of the affine alge- 
bra. These general current algebra loop amplitudes provide a building block for open twistor 
string theory, among other applications. 



1 Introduction 



Current algebra conformal field theory is often an important ingredient to supply gauge 
symmetry in string theory. The tree level N-point correlation functions of the currents [1] of 
an affine Kac-Moody Lie algebra [2], q, 



associated with a finite-dimensional algebra, q, are especially simple, and expressed as a sum 
over products of differences, with the group tensors given by the level and structure constants 
of the affine algebra. 

The current correlators on the torus have more structure, but turn out to be computable 
in terms of ellipitic functions, and specified by constant but tau-dependent group invariant 
tensors. Recursion relations for these correlation functions [3J become tedious to evaluate for 
large numbers of currents. In this paper we calculate the one-loop N-point current correlation 
functions explicitly for an arbitrary Lie group, and describe their dependence on rather neat 
combinations of Weierstrass functions and on group tensors given in terms of the character 
of the representation. 

Loop calculations were considered for vertex operator algebras in [H[5], for particular con- 
structions of current algebras in [6] , and for particular Lie groups [7j . Our general treatment 
of the affine current correlators is possible due to the simple holomorphic operator products 
of the currents. Loop correlation functions for other fields related to current algebras tend 
to be less completely accessible, although widely studied [8]-|17j. 

Our interest in the current algebra torus correlator was initially motivated by its appearance 
in the gluon loop amplitude [3J for open twistor string theory [18j.|19]. The N-point torus 
current correlator should be helpful to pursue perturbation theory there. The twistor string 
[20] . |18j . and efforts to formulate it as a heterotic theory [21], although mixing conformal 
supergravity with Yang-Mills, also provides an enticing framework for a QCD string. Our 
analysis of current algebra on the torus provides a fundamental building block that will have 
general applications. 

The plan of this paper is as follows. In section [2"7T| we first use the representation of a current 
algebra as bilinear expressions in (Neveu-Schwarz) fermions to evaluate current algebra tree 
amplitudes. The expressions obtained involve the tensors formed from the traces of products 
of the real matrices representing q and can be described by a set of graphical rules that will 
be extended later in the paper to yield loop amplitudes. Although the tensors depend on the 
representation chosen, this dependence cancels out in the expressions for the tree amplitudes 
because these are determined by K ab . For a compact simple algebra, we can take K ab = k8 ab 
and we can obtain the general tree amplitude by scaling terms in the result obtained for any 
given representation by appropriate powers of k. 

Notwithstanding this, in section 12.21 we fi n d it useful to give a more generally phrased 
version of the construction, due to Frenkel and Zhu (FZ) [lj. This generalizes the traces 
of representation matrices to invariant m-th order tensors n m , satisfying conditions (|2.15p 
and (|2.16p . which determine K m in terms of n m -i uniquely up to an arbitrary symmetric 
invariant tensor u m . The successive freedoms, represented by the u n , have no effect on 
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the tree amplitudes constructed using the K m . We isolate a "connected" part of the tree 
amplitude, which possesses only simple poles and show that, like the full amplitude, this 
just depends on K2 = K i and so not on the u m . In section [2T3l we give a proof that, given a 
suitable K m _i, there exists a n m satisfying (|2,15p and (|2.16p . and we give explicit formulae for 
the general K3 and K4. Our proof of the existence of K n does not itself provide a convenient 
algorithmic construction and we give this in Appendix [A] using Young tableaux and the 
representation theory of the permutation group. 

In section [37TT we begin by computing the n-point one loop amplitude using the representation 
of the current algebra as bilinears in Neveu-Schwarz fermions. The result is given by a 
modification of the graphical rules used in section 12.11 to describe tree amplitudes. Similar 
rules describe two other versions of the loop: one in which we use Neveu-Schwarz fermions 
but also incorporate a factor of (— l) Nb , were JV& is the fermion number operator, into the 
trace defining the loop; and one where we use Ramond rather than Neveu-Schwarz fermions. 
These rules involve the tensors constructed from traces of representation matices, used in 
the fermionic construction of tree amplitudes. There nearly all the structure resulting from 
varying the representation, reflected in the 'arbitrary' symmetric tensors uj m coming into the 
FZ construction, was irrelevant, but this is not so for the loops. 

To approach the construction of the general one loop current algebra amplitude, we isolate 
a connected part of the amplitude in section 13.21 which has only single poles, as we did for 
the tree amplitudes. The residues of this connected part for the n-point loop are specified in 
terms of the (n — l)-point loop and this means that the n point loop is determined in this way 
up to a symmetric invariant n-th order tensor, u n (r), depending only on the torus modulus, 
r. In section 13.31 we first obtain general forms for the two- and three-point loops in terms 
of symmetric invariant tensors 0J2 (t) and ujs(t) and Weierstrass V and £ functions. The 
general form for the n-point loop is given by an adaptation of the rules for tree amplitudes, 
expressed in terms of Weierstrass a functions through 



which is elliptic as a function of v and /Ui, . . . /%, provided that X^i=i t^j = 0> ano - m t erms of 
n-th order invariant tensor functions of r, K n m( T )i with n > m > 2, defined inductively by 
(|3.55p and (|3.56j) (which are similar to (|2.15p and (|2.16p ). starting from invariant symmetric 
tensors K n ,o(7") = w„(t). In appendix iBl we discuss properties of the functions H n , m and 
in appendix O we show how the general results of this section relate to those previously 
obtained in [3] for two-, three- and four-point loops. 

The symmetric tensors u> n , irrelevant in the construction of tree amplitudes in section 
provide the extra structure necessary for the construction of the one-loop amplitudes. They 
are not arbitrary but can be determined in terms of traces of zero modes of the currents, 



relations relating the traces over symmetrized products of currents, in terms of which the 
w n (r) are initially defined, to symmetrized traces of their zero modes, showing how this works 
out in detail for n = 2,3 and 4. More precisely, cj n (r) are defined in terms of the connected 
parts of the symmetrized traces of currents and, in 14.21 we use the recurrence relations to 
determine oj n {r) in terms of the connected part of the symmetrized trace of zero modes. 
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symmetrized over the indices a,-. In 14. 1\ we establish recurrence 
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Then, in section 14.31 we show how the symmetrized traces of zero modes of the currents can 
be determined in terms of 



the character of the representation of g provided by the space of states of the theory. While 
the analysis up to this point has not made any assumptions about the Lie algebra g, in this 
section we assume that it is compact and, for ease of exposition, take it to be simple. The 
method depends on using the Harish-Chandra isomorphism of the center of the enveloping 
algebra of g, that is the ring of Casimir operators of 0, onto the polynomials in H invariant 
under the action of the Weyl group, W s of g. 

Section [5] provides a summary of our results. 




(1.3) 
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2 Current Algebra Trees 



2.1 Current Algebra and the Fermionic Tree Construction 

We consider a conformal field theory containing the affine algebra, g, given by (jl.lj) . where 
m, n are integers and f ab c are the structure constants of Q and K ab is a symmetric tensor 
invariant with respect to q. [If the generators of the algebra satisfy the hermiticity condition 
J*' = Jl n , f ab c is pure imaginary and K ab is real.] For a general introductory review see 
(221. 



We consider evaluating the vacuum expectation value 

ATe 2 "' an (^2, ...,Z n ) = (0\J^( Zl )J^(z 2 ) . . . J a "(z n )\0), (2.1) 

where 

J a (z) = Y J JnZ- n -\ «=0, n>0, {J a n ) ] = r n - (2.2) 

n 

The currents J a {z) satisfy the operator product expansion 

J a { Z i)j\z 2 ) ~ ^% + /a " cJC(Z2) (2.3) 
and the tree amplitudes satisfy the asymptotic condition 

A%£" an {z l ,Z 2 ,... i Z n ) = 0{zf) as Zj - OO, (2.4) 

because in this limit (0|J a (z) ~ (0| Jfz~ 2 . 

Because of the locality of the currents J a {z) relative to one another, the tree amplitude (12. 1)1 
is symmetric under simultaneous permutations of the and a,, 

Aree > z e(2) > ■ ■ ■ > J — Aree {^1, Z 2 , . . . , Z n ) , {/.b) 

where q G S n , the group of permutations on n objects 

The condition (|2.3p gives all the singularities of the n-point function in terms of (n — 1)- 
and (n — 2)-point functions. Thus, given (|2.4p . using Cauchy's Theorem, we can inductively 
calculate the n-point function for any n starting from the two-point function, 

ab 

(0\J a (z 1 )J b (z 2 )\0) = - ^, (2.6) 

(zi — z 2 y 

i.e. the n-point function is determined by the invariant symmetric tensor K ab . A general 
prescription for doing this has been given by Frenkel and Zhu [I], which we shall discuss in 
section [2T2"1 but first we shall note the explicit calculation when J a {z) is given as a bilinear 
in fermionic oscillators. 

Given a representation Jq i— > t a = iM a of jj, where the M a are iV-dimensional real antisym- 
metric matrices satisfying 

[M a ,M b } = -if ab c M c , (2.7) 
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we can represent J a (z) as a bilinear in Neveu-Schwarz fermionic fields, 

J a {z) = E J >~ n ~ X = \M^{z)V{z) (2.8) 

neZ 

where 

U(z)= E #*~ r ~*, {6* J 6j} = 5 r) _ s ^', &;|0}=0, r>0, l<i,j<N. 

rGZ+i 

(2.9) 

Then J^J satisfies (jl.ip with 

= -|tr(M a M 6 ) = ±tr(i a t b ). (2.10) 

Note 

b\ Zl )V{z 2 ) =: b\ Zl )V{z 2 ) : + ^^, (2.11) 
with the usual definition of normal ordering. 

Using Wick's theorem, we can evaluate the tree amplitude (|2.ip and describe the result as 
follows. The n-point function can be written as a sum over permutations g £ & n with no 
fixed point. Each such permutation can be written as a product of cycles, g = ^1^2 • • • 6- an d 
we associate to g a product F e = (— l) r /^/f 2 • • • f^ r , where the function is associated with 
the cycle £ = (ii,*2 • • • *m)> defined by 

itr(W...t°") 
/£ = 7 w s 7 r- (^- 12 J 

The n-point tree amplitude is then constructed as the sum of these products over the per- 
mutations q £ & n , the subset of & n with no fixed points, 

Ar c 2 ''' a "(^2,...,^)= £ F^- an (z 1 ,z 2: ...,z n ). (2.13) 
2.2 The Frenkel-Zhu Construction 

Frenkel and Zhu have shown how the fermionic construction of the last section can be modified 
to give the general construction for the tree amplitude (|2,ip . Again the n-point function (|2,ip 
is written as a sum over permutations with no fixed point, g = £1^2 • • • £r, written as a product 
of cycles, with which is associated F e = (—l) r f( 1 f£ 2 ■ ■ ■ /&•> where now 

k = 7 _ / m _ v 7 v (2-14) 

i^l Z il)\ Z il Z t3 ) \ Z im Z ll) 

and the m-order tensors defined inductively by the conditions 

a\a^a-i...a m a2a\az...a m fa\a 2 J>a-j,...a m /q -i r\ 

K m K m —J b K m-l ' l z - i0 J 

and 
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The n-point tree amplitude is then constructed as in ()2.13|) . 

A graphical way of describing the Frenkel-Zhu construction (or the fermionic construction) 
is to say that the n-point tree amplitude is given by summing over all graphs with n vertices 
where the vertices carry the labels 1,2, ... ,n, and each vertex is connected by directed lines 
to other vertices, one of the lines at each vertex pointing towards it and one away from it. 
Then each graph consists of a number of directed "loops" or cycles, £ = %i . . . i m ), with 
which we associate the expression (|2.14p and the expression associated with the whole graph 
is the product of the expressions for the various cycles multiplied by a factor of —1 for each 
cycle. 

As is implied by comparing (|2.12p and (|2. 14[) . a solution to the conditions (|2. 15|) and (|2.16p 
can be constructed by setting K <^ a 2a-i---a m _ tr(t ai t a2 . . . t am ) or, more generally, 

K aia 2 ...a m = ^(#^1^2 _ _ _ jfhn,^ (2.17) 

where t a is any finite-dimensional representation of g, i.e. 

[t a ,t b ] =f ah c t c , (2.18) 

and K is any matrix commuting with all the t a , i.e. invariant under the action of g. K is 
to be chosen so that = tv(Kt a t b ) = K ab as in (jl.ip . which can be done for any invariant 
tensor K ab if g is compact and t a a faithful representation. 

It is straightforward to verify that (|2.13p has the singularity structure implied by the op- 
erator product expansion (12. 3p . provided that n m satisfies (I2.15P and (I2.16p . and satisfies 
the asymptotic condition (|2.4p . and thus is inductively determined by Cauchy's Theorem, 
given the two-point function (|2.6p . Thus, it does not depend on the choice of n m satisfying 
(|2,15p and (|2.16p . apart from through K2 = k. (In particular, although different choices of 
representation t a result in different tensors K m , as defined through (|2.17p . these differences 
cancel out in (I2.14p . apart from dependence on /t2.) In fact, the stronger statement holds 
that the connected parts, that is the sums of (|2.14p over permutations of %2 • ■ ■ im)i only 
depend on the k's through k>2- This is expressed in the following Proposition: 

Proposition 1. If g is a Lie algebra and the tensors k^ 112 " am , where 1 < a,j < dirng, are 
defined for m < N, and satisfy 

^aia 2 a 3 ...a m a 2 aia 3 ...a m _ faia 2 ^ba,3...a m in\ 

K m — J b K m-l > ^.lyj 

and 

aia 2 a3...a m „a 2 a3...a m ai (n Q n \ 

K>m — K m ) (^.ZUJ 

where f ab c are the structure constants of g, then the tensor functions 

K i : c y m ^^2,...,Z m ) = ^ E f( S (lM2),.., B (m)) (2-21) 

£>G<3m 

i a (i)a e (2)-a e (m) 
1 X rv m 



m 



a g(l) a e(2)--- a e (m-l) a m 

Km 



y 

trttUjri— l 

(2.22) 
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depend on the K m only through k 2 - 

Proof of the Proposition: The result follows from Cauchy's Theorem because the functions 
F defined by (12^21) satisfy 

ATe^c ° m {z 1 ,z 2 ,...,z m ) = 0(z^ 2 ), as Zl oo 

and 

Zl — Z2 

and so can be calculated inductively from 

ab 

tab ft 



A a ree,c(^1^2) 



(^l-^2) 2 ' 



2.3 The Tensors K n . 
The conditions 

K aia2a,3...a n _ ^0,20103..^ _ jaia2 ^603... an ^2 23) 

and 

K aia2i3...a„ _ K a2a3...a n ai ^2 24) 

are sufficient to ensure that the amplitudes defined by (|2.13p with F Q = (— l) r /^ 1 /^ 2 . . . /^ r , 
where is given by (12,141) . depend on the K m only through K2- However, k 2 does not uniquely 
determine K m through (|2,23p and (|2.24p . In this section, we shall discuss the existence and 
uniqueness of solutions to these equations. Although, the arbitrariness in K m , given k 2 , is 
not relevant for tree amplitudes, we shall see in £}3]that this freedom is very relevant for the 
construction of the one- loop amplitudes. 

The conditions (|2.23p and (12.24p have some immediate consequences. First, if K n -\ satisfies 
(|2.23p for some K n which also satisfies (|2.24p . then K n _i is invariant because 

n n 
'y y jbaj f ji\...aj-\caj + i...a n _ ^ ^ ^ai— aj-i6ojgj + i...ffl n _ ^ai ...cij-iajbaj+i ...a n ^ _ q 

3=1 3=1 

using (12.23P and then (12.24[) . Thus for (12.231) and (|2.24p to have a solution for a given « n _i 
then this tensor must be invariant. 

Second, if K ^a A ...a n &nd R a ia2 a 3 ... an both satisfy with the same ^0,^3... a n -i ^ 

satisfy the cyclic property (I2.24|) . then the difference 

0,10,20,3. ..a n _ -010203. ..a n 010203. ..a„ 

is cyclically symmetric and satisfies 

010203. ..a n _ 020103. ..a n 
u n — U n 

These two symmetries generate the whole of & n so that to n must be a symmetric tensor. 
Conversely, if uj n is symmetric, it follows that R n = n n + co n satisfies (|2.23|) and (|2.24p if 
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K n does. So n n -i defines K n through (|2.23p and (|2.24p . assuming a solution exists, up to a 
symmetric tensor u n . We establish the existence of the solution in the following Proposition: 

Proposition 2. If g is a Lie algebra, define inductively the spaces /C n to consist of the 
invariant n-th order tensors /■c^ ia2,,,a ™, where 1 < aj < dimg, such that 

aid2Gi3 ■ ■ .On azaia-j, . . .a n fa\a 2 baz...a n 



n = f aia2 b n b n a ^- an , (2.25) 



for some K n _i G /C n _i, where f ab c are the structure constants of q, and 

K aia 2 a s ...a n _ K a 2 a 3 ...a n ai 26) 

with /Co = {0}. Then, for each K n -\ G /C n _i, there exists a K n satisfying (|2.25p and (|2.26p 
that is unique up to the addition of a symmetric invariant tensor co n . The solution can be 
uniquely specified by requiring that it be orthogonal to all symmetric n-th order tensors. 

Proof of the Proposition: We define the action of g G & n on n-th order tensors r n by 

so that this provides a representation of & n on n-th order tensors: (ga)r n = g(aT n ). For any 
n-th order tensor r n write 

"(£>, T n) =r n - gr n ; (2.27) 

then we can write ^ 

r n = -r y~] r]{Q,T n ) +UJ n , (2.28) 
n! ^-^ 

where 

u n = ~. Y\ er n , (2.29) 
n! 

is the symmetrization of the tensor r ra . If r n is invariant, r/(g,T n ) is also invariant. Then, if 
K n G /C n , 

(2-30) 

n! 

is also in lC n and satisfies ()2.25j) for the same n n -l G /C n _i; further, it is orthogonal to any 
symmetric tensor. It is clear from (|2.28p that, taking r n = « n G IC n , K n is orthogonal to 
all symmetric tensors only if u n , defined as in (|2.29p . vanishes. Thus, (|2.30p is the unique 
solution to (|2.25|) and (|2.26p for the given K n -i, with this property. 

We now proceed to use the expression (|2.30p to show there exists a solution to (|2.25p and 
([2T2l)j) for a given G £ n _i. From (f2T2T|) . 

v(Qi&2,K n ) = K n - gig 2 K n = r](g 1 ,K n ) + g 1 r](g 2 .K n ) (2.31) 

and, so, 

k 

) = ^2g 1 ...g j -. 1 r)(g j ,K n ). (2.32) 
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We can use this to give a formula for a given K n , in terms of n n -\ G /C n _i, by expressing 
each g G © n as a product of transpositions of adjacent indices and then using (|2.25p and 
(|2.26p . However, such expressions are not unique, so we need to address this by first working 
in the free group, <5 n , generated by these transpositions, defining a function <f> : & n — > 7^, 
the space of re-th order invariant tensors, for each K n _i G /C n _i, and then checking that we 
can impose the appropriate relations to obtain a definition for g G <3 n . In this way, we will 
obtain an n-th order tensor <f>(g, ft n _i), g G 6 n , K n _i G /C n _i, which will provide the desired 
element 0(K n _i) G /C n on averaging over g G S n . To show this, we finally show that 0(«; n _i) 
satisfies (^251) and (12361) . 

S n is generated by transpositions {<7j : 1 < i < n} where 

<Ti(i)=i+l, ai{i + l) = i, ai(j) = j, j + (2.33) 

which satisfy the relations 

a} = 1, {<Ji(J l+1 f = 1, {oiOjf = 1, \i- j\ > 1. (2.34) 

Let & n be the free group on the generators {&i : 1 < i < n — 1} and 2U n the smallest normal 
subgroup of 6 n containing {af, 1 < i < n— 1; (<5-j<7j + i) 3 , 1 < i < n—2; (di&j) 2 > 1}. 

Then 6 n /2B n = & n with cr, \—* &i defining an homomorphism & n — > & n , which we shall 
denote by g i— » g. (See [23] page 63.) Each g G © n can be written g = a^a^ . . . ai k , where 
1 < < n> — 1 and err = cr_j. We can define a function </> : S n — > JC n in terms of 4>(<ji), 
1 < i < n — 1, with ^(ct" 1 ) = <fi(ai) and c^(l) = 0, by 

k 

4>(a h ...a ik ) = ^2<T il ...cri j _ 1 4>(a i] ). (2.35) 
3=1 

Then 

4>{Qih) = Ql<j>{h) + 4>{Qi)- (2.36) 

We now show that Ker </> n 2U n is a normal subgroup of S n . Suppose g G Ker </> n 2U n , so 
that p = 1 G <5 n and 4>(g) = 0. Then 

HhQQi 1 ) = qiqHqi 1 ) + qi4>(q) + Hqi) = QiHQi 1 ) + 4>(qi) = ^(i) = o 

so that ^lf^T/ 1 G Ker cf> n 2B n and this is a normal subgroup of & n . So if we can show that 

{&h l<i<n-l; {did i+ if, 1 < i < n - 2; (a^) 2 , |t - j\ > 1} C Ker (2.37) 

we must have Ker <fi n 2B n = 2B n , i.e. 2U n C Ker 0, because 2U ra is the smallest normal 
subgroup containing these elements. Then <fi induces a map <f> : & n — ► /C n with 0(^) = </>(£>), 
because 4>(gw) = <j)(g) + g<j)(w) = <f>{g) if u> G 2B n . 

Next we show that (|2.37|) holds if we define 

Kn^t) = riai+ ,^..^-^i + 2...a n £ ^ (2 38) 

for K n -% G K n -\. We will write out the argument for af, (aia^) 3 , (^l^) 2 and the arguments 
for other values of i,j follow by similar arguments. First, writing k = K n -\, 
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implying 

ltX.2 ,„\CH OL 2 OL 3 ...a n fOlCT. , _ 

Second 



d\ /t) Qia2a 3---"n _ ja.xa.i K f3a 3 ...a n _|_ ja 2 ci 1 K f3a 3 ...a n _ g 



0((5i5 3 ) 2 , K) = 0(^1, «) + Cl0(5 3 , «) + crio- 3 ^(ai, K) + O-i<7 3 CTi0(5 3 , ft) 

= 0(5-1, ft) + Cri<7 3 0(5l, ft) + (Tl0(a3, ft) + CX 3 0(5 3 , ft) (2.39) 



implying 

0((5i5 3 ) 2 ,K) Qia2a3a4 - a " = f<xi<X2 pK P<*3<X4-<Xn + ja 2ai ^ K Pa 4 a 3 ...a n 

_|_ ja 3 a 4 K 020i7--- a n _|_ ja 4 a 3 K aia27--- Q n 
_ jaia2^yQ!3Q!4 K /37«s---an _|_ ja 2 a± ^ja 3 a 4 ^70:5 •••an _ q ^ 

Third, 

0((5i5 2 ) 3 ,k) 



= 0(5i, ft) + <Ti0(5 2 , ft) + <7i<7 2 0(5l, ft) + CTi(J2(Ti0(52, ft) + O"20"l0(5i , ft) + <T20(5 2 , ft) 
_ ^0x02 ^ K Pa 3 a4...a n _|_ yoia 3 ^ K Q2/3o4---Q!n _|_ ja2a 3 ^ K Pa 1 a 4 ...a n _j_ ja 2 a\ ^ K a 3 Pa 4 ...a n 

, fd!3CH „/3a204---«n I -f03"2 ..01/804— On 
+ / /3 K + J P K 

_ ja\a 2 ^jPa 3 ^.704... an _|_ ja\ct 3 ^ja 2 p ^a 4 ...a n _|_ ja 2 a 3 ^f^ ai K 7 a 4-«n _ g ^2 41) 

by the Jacobi identity. This establishes (|2.37p . 

Thus, for each ft ra _i £ K, n -i-> we can define <f>(g, ft n -i) = 0(5, ft n -i) and define : /C ra _i — > /C n 
by 

0(ft n _i) = — V 0(^,ft n _i). (2.42) 
n! 

We shall now show that 0(ft n _i ) satisfies ([235]) and (|2T26l) . From (|236l) . 

0(0102, «n-l) = 010(02, + 0(01, «n-l). (2.43) 



Then, for any <r G S 



n, 



(/.-„_ I ) - ^0(/t n _l) = ^7 V 0(0, ft n _i) : V CT0(£>,/t n _i) 

E0(0, «n-l) ; V] 0(cr0, ft n -l) + -7 0(o-,ft n -l) 
ri.l * — » n.l * — » 



Tl. Th. TL\ 

ge&n g£<5 n 
= 0(a,/t n _ 1 ) (2.44) 

Taking a = a\ in (|2.44f) . we have 

0(ft n _i) aia2O3 - Q " - 0(ft„_i) a2aia3 - Q " = f aiCa i^{" an 
so that (I2T251) holds. 
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If a = o\02 ■ ■ • <r n _i, then a(j) = j + 1, 1 < j < n — 1 and o{n) = 1, i.e. <r is cyclic 
permutation of (1, 2, . . . , n) so that 



n-l 

0((7, K„_l) = ^ Ol ■ ■ ■ CTj-l(p((Tj, K n -l, 

3=1 

n-l 

3=1 

71-1 

= r ia3+1 ( 3Vi' ftj ' 3tt,+2 '" a " = (2.45) 

3=1 

as G /C n _i is invariant. Thus putting a = o\02 ■ ■ ■ o n -\ in f|2.44|) gives 
so that (T2T261) holds. 

By averaging (|2,44p over a G 6 n , we see that 

^(«n-l) = 0, 

cres„ 

so that it is orthogonal to all symmetric tensors and so the unique solution to (|2.25j) and 
(|2,26p with this property. 

This completes the proof of Proposition 2. 

Note that Proposition 2 implies that lC n /S n = /C n _i, where S n C JC n is the space of symmetric 
invariant tensors. 

As particular instances, we have that if n ab is an invariant symmetric tensor, the general 
solution for (pT25|) and (j!T2"6|) for n = 3 is 

, aftc i fab ,ec , afec /r> An\ 

K 3 = \t e K + w , ( 2 -46) 

where io abc is symmetric, and invariant for K3 to be invariant. In this case, the general 
solution to (ET251) and (12T2UD for n = 4 is 

,abcd 1 i-afe j-cd „eo , i j-da i-fec „eo , 1 i-aft ,ecd , 1 j&c , ,ead , 1 rac , ,eftci , , abed /n 

K 4 =1/ eJ g K +\J el g K + \i e w + e w + \l e w + w ) ( 2 - 4 7) 

where uj abcd is symmetric. 

While Proposition 2 proves the existence of a solution to (|2,25p and (|2.26p for a given K n _i G 
/C n _i, it does not provide an explicit expression for such a solution unless we have a method of 
specifying expressions for ecich element q £ as a product cr^a^ . . . <Ji h of transpositions. In 
Appendix[A] we derive an explicit expression for n n in terms of n n -i using the representation 
theory of 6 n and Young tableaux. 
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3 Current Algebra on the Torus 



3.1 Fermionic Loop Constructions 
We consider the loop amplitude 

n 

.Cop'" "^ 2 ' • •• ,f«,T) = tT (j ai (Piy a2 (P2) • • • J an (Pn)w L °) (27T») n J] p„ (3.1) 

J'=l 

where 

Pj = w = e 27TiT . (3.2) 

and begin by reviewing the explicit expressions for this amplitude when J a (p) is given as a 
bilinear in fermionic fields. First, we take J a (p) to be given in terms of Neveu-Schwarz fields 
by (|2.8p . Defining the partition function 

oo 

XNs(r) = H(l + w r ) N , (3.3) 



we can write 



tr(b\ Pl )V( P2 )w Lo ) = -Xns(vi ~ V2,t) X ns{t)5V, (3.4) 

2m(pip2)2 



where 

oo 



Xivs (f, r) = 2vrz > — — = ~ - as v -» 0. 3.5) 

' 1 + W r 03(O>T)t/l(l/,T) Z/ 



With J a (p) given by (|2.8p . the two-point function is 

tr (j°( Pl )J 6 (p 2 )^ J = X NS{VI ~ V2,t) 2 Xns (t) 



4vr 2 /Jip 2 

where K ab = —\ti(M a M b ) = ±tr(t a i 6 ), and 



47r 2 pip 2 ' 

Vns{v\ - V2, t)xns(t) (3.6) 



__6£(0,r) / ^(i/,r)V 



# 3 (0, r 

Here the Weierstrass V function, 



03(0, t) 

+ 2t/(t) +?>(*/, t). (3.7) 
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with 

, (r) -ifM (3 9) 

(See [21], page 361.) 

The general prescription for the n-point loop amplitude (|3.ip . with J a (p) given by (|2.8p . is 
given by a modification of the Frenkel-Zhu construction of §2.21 by writing f|3. If) as a sum 
over permutations p S S n with no fixed point. If p = £1^2 • • • £r> a product of disjoint cycles, 
we associate to p a product 

t?NS 1 -,\rrNS f NS fiVS,, (\ /o ln \ 

F P ={- 1 ) Hi hi ■■■hr Xns[t), (3.10) 
where the function associated with the cycle ^ = i 2 ■ ■ ■ i m ) is defined by 

/f 5 = K a ^2-^m XNS ( y „ ii -i/ i2 ,r)xjvsK -^i 3! T )---XiVs(^ m - ^,r) (3.11) 

K aia2 - a ' 1 = itr(t ai t a2 . . . t an ) = li n tr(M ai M a2 . . . M a "), (3.12) 

The n-point loop amplitude is then constructed as the sum of these products over the per- 
mutations p £ & n , the subset of & n with no fixed points, 

A%:*~ an ("i,"2,...,Vn,T)= £ i ? p 7V5aia2 - a "(^i^2,...,^,r). (3.13) 

pes; 

Again this construction can be described graphically by summing over all graphs with n 
vertices where the vertices carry the labels 1,2,... , n. and each vertex is connected by directed 
lines to other vertices, one of the lines at each vertex pointing towards it and one away from 
it. An expression (|3.1ip is associated with each cycle, together with factor of —1, and the 
product of these cycle expressions is associated with the whole graph. 

For example, this gives as the expression for the three-point loop 
tr (j a { Pl ) J b (p 2 )J c (p3)w L ° 

eabc 



f a °Xns(t)xns{vi - v 2 ,t)xns{v2 ~ V3,t)xns(v3 ~ vi,r) 



8TT 3 pip 2 p3' 

(3.14) 

if ti(M a M b ) = —2k5 ab , so that K ab = k8 ab , and S ab is used to raise and lower indices. 

We can modify the above to give a second fermionic construction by defining the partition 
function 

00 

XNs(T)=ll( 1 - Wr ) N > ( 3 - 15 ) 



we can write 



tr {b\ Pl )V ( P 2)w L °(-l) Nb ) = / , X NS ^i ~ ^r)x NS (r)^, (3.16) 

2vr«(pi/9 2 ) 2 
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where 



oo 



i \ . ^ e' 2mrv - w r e 2mrv 6{(Q,t)0Av,t) 1 , n 

XNS (,,r)=2m^ T—Tr = a n ' fl , ~- as "-°5 ( 3 - 17 ) 



l-w r ^4(O,r)0i(i/,r) 1/ 



and, if we replace XNs(v, t) by x A rs( l/ ' r ) in (EO, with Xns( t ) replacing Xns(t) in (|3.10|) . 
the above construction for the loop amplitudes gives 

tr (J a ^ Pl )J a2 ( P2 ) . . . J an { Pn )w L °(-l) N ») , (3.18) 

where iVj = ^ r>0 &-r&r- I n particular, the two-point function is 

tr (j a (pi)j\p2)w L °(-l) N >>) = -^- X - S (y x - V 2 ,T)\- NS {T) 

V NS^ ~ 1 "2,T)X~ NS ( T ) ( 3 - 19 ) 



Air 2 p lP2 

where 



r Ns( U > T ) 



t (0,r)%(z,,r)2 
(0,r) /ej(»/,r)V 



9 4 '( 



4 (O,t) V^l(^T) 

= d W) +2v{r)+ ™- (3 - 2o) 

A third fermionic construction is given by using the Ramond operators, 

<?(p) = J24nP~ m+ ^ {c4,4} = 5 m ,_ n ^ ) <|0) = 0, m>0, l<i,j,<N. 

(3.21) 



Defining the Ramond partition function 



XR(r) = H(l + w n ) N , (3.22) 
n=l 

we can write 

tr (d?(p 1 )dP(p 2 )w Lo ) = T chi R (y! - V2,t) X r(t)^, 

2TTl(p 1 p 2 )2 

where 

Xr (i/, r = m + 2m > — — = r as i/ 0. (3.23) 

' 1 + W m #2(0, T)Vl{V, T) V 



m=l 



If we now replace XNsfa, t) by Xr(^, r ) hi (|3.1ip . with xr( t ) replacing xns(t) hi (|3.10p . the 
construction for the loop amplitudes gives 

tr ( J ai J a2 (p 2 ) . . . J a - ( Pn )w Lo ) , (3.24) 
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where now, instead of f|2.8j) . 

i 
2 

The two-point function is now 



J a {p) = -M-d\p)di{p). (3.25) 



tr 



(j a (Pl)^(P2)^°) = X*fa - ^2,r) 2 Xi?.(r 



47T 2 pip 2 ' 

-^2,r)xi?(r) (3.26) 



where 

Vr{v,t) 



2 (P,t)6i(u,t)* 
^(0,t) /^far) 



9 2 (0,r) VAM 
^'(0,r 



+ 2t?(t) + P(i/,t). (3.27) 



2 (O, r 

3.2 General Torus Amplitudes and Connected Parts 
The loop amplitude 

n 

Aoop- an K ^ r) = tr ( J** J<* (p 2 ) . . . J a -(Pn)^ Lo ) (27ri)» n p„ (3.28) 

is invariant under j/j — ► i>j + 1 and Uj —> i>j + t for each j individually, so that it is defined 
on the torus obtained by identifying y£C with v + 1 and v + r. Because of the locality of 
the currents J aj (pj), the amplitude is also symmetric under simultaneous permutations of 
the pj and the a,j. 

From (|2.3p we have that 

K ob fab jc( n \ 

J a (pi)J b (P2)- 7T - V2 - ( v + 9 J c , lP2j , as i^-i*. (3.29) 

(2vrz)^pi/9 2 (^i - ^ 2 ) 2 2vripi(^i - v 2 ) 

Thus the singularities of the re-point loop amplitude on the torus are determined in terms 
of the (n — l)-point and (n — 2)-point loop amplitudes. This means that knowledge of the 
(n — l)-point and (n — 2)-point loop amplitudes determines the n-point loop amplitude up 
to a constant on the torus, that is a function of r. (See, e.g., [25J, page 29.) Because of the 
permutation symmetry of the amplitude (I3.28f) . this leaves the re-point loop determined up 
to a symmetric invariant tensor function of r, given the (re — l)-point and (re — 2)-point loops. 

The sum over permutations in the expression (|3.13j) for the loop in the fermionic construc- 
tion cases can be divided into terms which collect together the same pi in each cycle. Such 
terms are labeled by the division of the variables {pi,p 2 , . . . , p n } into subsets, each consist- 
ing of at least two elements (corresponding to the restriction to permutations with no fixed 
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points). The full loop amplitude is then the sum over these terms. Such terms are prod- 
ucts of "connected parts", each of which involves one of the subsets of {pi,p2, ■ ■ ■ ,Pn}, say 
{p h ,p i2 ,. . . ,Pi m }, given by an expression like (|2.2ip . 

K:;:c m ^^...^ m ,r) f(iko(2),..A m ))XNs(r), (3.30) 

£>ee m 

in the NS case. The amplitudes ^4i 00 p,c have a simpler structure than the full amplitudes 
■4-ioop in that they have only single poles for m > 2, rather than both single and double poles. 
For m > 2, the connected amplitudes satisfy the conditions 

A a 1 a 2 ...a mt \ ' j-a m a, .oioa...o 3 -_io^o 3 - + i...o m _i , , 

(3.31) 

which are sufficient to specify the m-point connected amplitude A\ oop ^c m terms of the 
(m — l)-point connected amplitude, again up to a symmetric invariant tensor function of r. 

Motivated by the fermionic constructions, we can give a general definition of the connected 
part of the loop amplitude in a familiar way. If A = 12, . . . , i n } is a set of distinct positive 
integers, define 

n 

aA ^ ... ain ( ^ ^ ^ ^ ^ ^ ^ r) = ^ ( jan ^ ) jai2 ^ ) ^ JwLo j j)n JJ ^ 

i=i 
(3.32) 

Let P = (^1,^2, . . . , A r ) be a division of the integers A = {ii, i 2 , . . . , i n } = A\ \JA 2 U . . . U A r 
into a number of disjoint subsets; let denote the collections of such divisions; and denote 
the partition function by 

X(r) = tr (w L °) . (3.33) 
Then we can define the connected amplitude Aq inductively by 

A A = £ X{rf-\ p \ [J (3-34) 

where \P\ = r, the number of subsets contained in the division P, together with the vanishing 
of the one point function Aq = 0, and, consequently, 

Ap j} = A {i ' j} = tr ( J a > ( Pi )J a i ( Pj )w Lo ) (2iri) 2 p iPj . (3.35) 
Equation (|3.34p is of the form given for the NS case by (|3.13p together with (|3.10p . where 
4*-*.} = _ £ f™... ie(m) X, x(t) = X ns(t). 

Equation ()3.34p defines an inductive procedure because we can write it as 

A A C = A A -Y, XM HP| II A c, (3-36) 
p&f/ A A 3 eP 
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where denotes the same collection of divisions of A into disjoint subsets but omitting the 
division of A into the single set consisting of itself. If we single out a point i E A, we can 
rewrite the inductive definition of Aq, 

A A = A A + ^2 ^A A ~ B / X , (3-37) 
Beov A 

where 9\ l A denotes the proper subsets of A which contain i. 
The point of this definition of 

A A _ A <H iai2 ...a in ^ ^ . . , Ui n , t) (3.38) 

is that, for m > 2, the double poles at V{ = Uj present in A A have been removed and only 



single poles remain. A double pole remains in Ap j} defined by (l3T35|) . 



A c 3} ~ (^F x(r) as ^~^ 

and this is its only singularity. To demonstrate the absence of the double pole at v\ = Vj 
in Aq, m > 2, we use induction and (|3.37p . We note that the residue of the double pole 
on the left hand side is k5 aiaj A A ^^ 1 '^ and in the sum on the right hand side, assuming 
inductively that the result is true for smaller amplitudes, the double pole occurs only in 
the term involving Aq for B = {i,j} and the residue for this term is 5 aia ^k\ multiplied by 
A A ~ B /x, ».e. the same as on the left hand side, so that these residues cancel and A A has no 
double pole at i/j = Vj. A similar argument shows that Aq satisfies the same relations for 
the residues at single poles as A A , so that (|3.3ip holds. 



3.3 Structure of Torus Amplitudes 
In general write 

Soop.C 
so that, for n > 2, 



KZc n (vu V2,...,v n ,r) = -K ia2 - an {vi,V2, ...,v n , r)x(r), (3.39) 



sr-n,nn a I \ 1 rn n -r- a l a 2 ■•• a ] -l a ' n a j+l ■■■ a n- 1 , \ 

^ a2 - a -(iy 1 ,U 2 ,...,U n ,T) f^'a'.Fn-l (u U U 2 , . . . , U n ^, t) 



3 



(3.40) 

as v n ~ Vj, which specifies T n on the torus in terms of T n -\ up to a function of r, 

^ ia2 - a "(r), (3.41) 

which, because of the properties of J- n , must be an invariant symmetric tensor. Inductively, 
this determines J- n in terms of Ti and these invariant tensors, u) m , 2 < m < n. The 2-point 
function, Ti, has only a double pole, 



^fiyx^r) ~ -— — as 1/1^1/2, (3.42) 



ab 
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In general (|3.42p implies that the general form of the two-point function is 

T a \v x ^r) = -K ah V[v x - v 2 ,t)+u?(t), (3.43) 
where ^^{t) is a symmetric invariant tensor. In the NS, NS - and R cases, 



,ab/ \ ab ^s(0) r ) , r) / \ 

u 2 (r) = -k - rn _ N + 2r?(r) 



(3.44) 



',(0,r) 

with s = 3, 4, 2, respectively. 

We can construct the general three-point loop, .F3, as follows; we start by rewriting (|3.43p as 

Tf{y x ,v 2 ,T) = -K ab V NS (vi - v 2 , T ) + uf{r). (3.45) 

We then have that T 1/2, 1^3, t) differs from what it is in the NS case, 

kf abc XNs(vi ~ V2, t)xns(v2 ~ "3, t)xns{v3 ~ vi,r), (3.46) 

by a function defined on torus, whose residues at v\ = v%, 1^2 = ^3> v 3 = v \ are all z/ ab e a)| c (r). 
To construct such a function, consider the Weierstrass £ function (see [26], page 445), 

r) has the properties: 

C(f+l,r) =C(^r) + 2»y(r), C(" + r, r) = C(v, r) + 2 V (t)t - 2vri, (3.48) 

C , ( I /,t)=-P(^t), C(-v,t) = -C(v,t), ((v,t) = ^ + 0(v 3 ), as v - 0. (3.49) 
It follows that 

C(^i - ^2, r) + C(^2 - ^3, t) + C(^3 - fl, t) (3.50) 

is defined on the torus and has residue 1 at V\ = 1/2, ^2 = ^3 an d ^3 = v\- Thus the general 
form for 

Ff°(yi,V2,Vz,T) = kf ahc XNs{v\ ~ V 2 ,T)XNS{V2 ~ V3,t)xNs{v3 ~ V\,t) 

+ r be u;f (r) [C(^i - 1*, t) + C(^ 2 - ^3, r) + C(^3 - ^1, r)] + 2^ bc (r), 

(3.51) 

where W3 is a symmetric invariant tensor, because this has the residues specified by (I3,40p . 
We could proceed to express the n-point connected loop amplitude as the expression in 
the NS case (|3.1ip with additional terms, but, instead, we adopt an approach that is more 
symmetric between all the terms. To this end, we define functions, H n m {ji\, . . . , fi n , r), 
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symmetric under the permutations of the fii, initially for < m < 4, by 



QH nt3 (ll,T 

24H nA (fjL,T 



3=1 



Eo +£& 



3=1 



n n 



4 / \ 2 



n n 



Eo +6 Eo Ecj+4EoE0'+3 Eci +£<r+**, 



vi=i / i =1 i =1 i =1 



(3.52) 



where fi = (fj,\, . . . , /x n ), C,- = £(^j,r), an d ^4 = &4( T ) is a constant on the torus to be 
determined. Then the singularities in the fij of H n!m (/j,i, . . . , /i n , r) are simple poles at 
//j = for n > 2, and the residue 



Res H nim (m, ...,n n ,T) = H n -i )m -i(m, ■ ■ • j^n-ijf), (3.53) 

for 1 < m < 4 and n > 2. This can be verified case by case but we shall give a general 
argument below. 

The H n ^ m {fx,r) are not single valued for fj,j on the torus but, if we impose the constraint 
that [i\ + . . . + fi n = 0, they are. So H n ^ m {y\2, ■ ■ ■ , v n \, r), where i/y = V{ — Vj is defined on 
the torus and, for n > 2, just has poles at Vi = Vi+i, 1 < i < n, with z^ n +i = fi. For n = 2, 

#2,l(i / 12 ) l / 21,T) = 0, i?2,2(^12,^21,r) = -P(^i2,r). (3.54) 



By Proposition 2 of section [2T3l we can define n-th order tensors K nm (r), n > m > 0, n > 2, 
by the conditions 

aia2...cw \ ,,0201 ...On ( _\ _ fOitt2 K ba 3 ...a n / \ /o rr\ 



,a\ai...a, 



(r) = <% a " ai (r), (3.56) 



together with the requirement that K n ^ m be orthogonal to all symmetric tensors for m > 
and n > 2, and the initial condition that ^2,2 = k, K21 = and K n ,o( T ) = <^'n(' r )) a symmetric 
invariant tensor. Then, setting 



(K n , m H nim ) aia2 - an (v 1 ,V 2 , ■ ■ ■ ,V n ,T) = ~ £ K ^% ) ''' ae{n)H n,rn{y e (l) e {2),---^Q{n) e (l),T')i 

(3.57) 



n 
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Fn = { K n,n-mH njn - m ) , n > m, provides a solution to (|3.40|) for each m. By the linearity of 
those equations, we obtain the solution, 



•Fn — ^ \ ( K n,mHn,ml ; 72. ^ 2. 



(3.58) 



m=0 



Because so far we only have -£f n ,m for < m < 4, (13.580 is only valid for 2 < n < 4. Explicitly, 



•^2 = (^2-^2,2) + (k 2 ,0> 

•^3 = (^3#3,3> + («3,1-H3,l) + («3,o) 

.F4 = (^4-^4,4) + (^4,2-^4,2) + (^4,1-^4,1) + (>«4,o) 



(3.59) 



where we have written K n = K n n . 



To demonstrate that H n ^ m has the desired properties, < m < 4, and to extend its definition 
to higher values of m, we note we can write 



ml 



£(0* + G 



1, for 1 < m < 3, 



(3.60) 



where dj = d/dfij. (Here, and in what follows, n > 2.) The £ function can be written in 
terms of the Weierstrass a function (see [26] , page 447) 



CM = ^4, ^,r) = e^ 2 ^4, 



ct(/x,t 



i(0,r) 



(3.61) 



with a[—fi,r) = — a[fi,r), and 

00 

= ^/ s (r)/i 2s+1 = ^ + / 2 ( r )/j 5 + ..., because /x = 0. (3.62) 



s=0 



Then, defining H n ^ m (fi, r) by the right hand side of (|3.60p for all m > 0, we have as — > 0, 

71-1 



1 



m!cx(/i„,T 
1 



0-(/"n,T) 



n— 1 



£/X s+1 +o(i) 



s=0 



— £ / s (r)^ n _ lim _ 2s _ 1 (/x / ,r) + 0(l), 
^ n s=0 



(3.63) 



where // = [fix, . . . , fi n -i) and [|m — |] is the greatest integer less than or equal to \m — \. 
Thus 

[im-i] 

Res (/Li, r ) = V] / s (r)H n _i m _ 2s -i(/i,r); (3.64) 



=0 
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In particular, 



IMt,=0 



1 < m < 4, 



so that (|3.53|) holds for 1 < m < 4 and n > 2, but 



Res H n>5 (fj,,T) = ff n _i i4 (/z,T) + f 2 H n -ifl{n' ,t). 
To see how to modify H n ^ m to give an H n ^ m that satisfies (|3.53p for all m > 1, write 



we have from (|3.64[) . 



So, if we define 



m=0 



Res H n {n,r;v) = a(u,r)H n -x(iJ,',T;u). 

ti n =0 



(3.65) 



(3.66) 



— r-H n (fi, r; i/) = H n Qu, r; i/) = J] H n>m (fJ,, r 

v ' ; m=0 



(3.67) 



the definition of H n ,m in (|3.52p is unchanged for 1 < m < 4 (except that the constant, &4/24, 
in the defintion of H n ^ is determined to be — n/ 2 ), and 



From (I3T60]) 



Res iJ n (/x, r; i/) = vH n -\{pl ', r; z/), n > 1, 
i.e. Res if (/x,r) = ff n _i im _i(/x',r). n > m > 1. 

Mn=0 



(3.68) 
(3.69) 



and so 



Note that 



m=0 



ml 



E^+o: 



71 OO 

^ a(^,r)J E 
rr + ^ r ) 



i/ m 
ml 



E 5 i 



i=i 



,.n « 
- TT 

(i/,r)» U 



aj/ij + z/, t) 
ff(i/, r) n 1_1 o-(/Xj,r) 

<K/*j + *A r ) 



(3.70) 



(3.71) 



(3.72) 
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is elliptic is a function of the and of v provided that we impose the constraint that 
Pi + A*2 + • • • + Pn = 0. From (|3.71|) we see directly that 

= uH n -i(fjf,r;u). (3.73) 
Properties of H n (n,r; v) are discussed in Appendix|Bl In particular, it is shown that 

H n> n-liyv2, ■ ■ ■ ,Vn~l,n,Vn,l,T) = 0. (3.74) 



The relation (13.69P shows that (|3.58p provides the general form of the n-point connected 
loop amplitude, with H n ^ m defined as the moments of ()3.7ip . It specifies T n in terms of the 
invariant symmetric tensors ^2,2 = K and K n fi = ui n , 

1 n 

C a2 - a "K^,..^n,T) = - E^ ) '" ae(n) ^.-K(l)^)'---'^(n) e (l)^)- (3-75) 



Since the symmetrization of K^m'" an is zero for m > and n > 3, we can evaluate K nj o in 
terms of connected parts of traces of the J a (p) by symmetrizing (|3.75p over the group indices 
only, yielding 

jra ia2 ...a n u ^ t)s = {n _ l)\^yn (r); n > 3 5 (3 7g) 

where we define 

^^...^ ...,u n ,r)s = V rt all) " MaW (u 1 ,u 2 ,...,v n ,T). (3.77) 
The equation (|3.76j) can be written 

tv{r^ Pl )j^(p 2 )...r-(p n )w L ^ cs , 

(3.78) 

for n > 3; loi is determined by (|3.43p . Note that this implies that the symmetrized connected 
part of the trace 

n 

n» 

is independent of the Vj. (This follows directly from symmetrizing (I3.40P because this shows 
that all the residues of this elliptic function vanish, implying that it is a constant on the 
torus.) We will relate this to the trace of zero modes of the currents in section SJ In 
Appendix Owe show that the formulae given for two-, three- and four-point loops in [3] are 
equivalent to (|3.75p for n < 4. 



n 

n« 

3=1 



tr ( J ai ( Pl ) J a2 (p 2 ) . . . J a -(p n )w Lo ) c s (3.79) 
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4 Zero Modes 



4.1 Recurrence Relations and Traces of Zero Modes 

The symmetric tensor tu n is given in terms of the symmetrized connected part of the trace 
of currents by (|3.78[) . We seek to express this is in terms of traces of symmetrized products 
of zero modes, Jq . To this end consider 

r 

tr {j^( Pl )r>( P2 ) . . . r> (pr)Jt +1 ■ ■ ■ JS n ™ Lo ) II Pr 

3=1 

These functions are not elliptic as functions of the Uj, 1 < j < r, if r < n; to see this 
move J ai (pi) around the trace, through w L °, to calculate the effect of sending v\—*v\-\- r, 
and we find that it is not invariant because terms, proportional to f aia j £ are generated on 
commuting J ai (pi) with , j > r. However, these terms clearly disappear on symmetrizing 
over all the indices (a±, a 2 , . . . ,a n ), so that 

r 

tr (j<*( Pl )J°*(p 2 ) . . . J^(p r )Jt +1 ■ ■ ■ JS n w L °) s Y[ Pj , (4.2) 

3=1 

is elliptic in Uj, 1 < j < r and so a suitable function to consider. 
Symmetrizing the recurrence relation [3] 

tr (j ai (pi)J a2 (p 2 ) • • • J an (pn)w Lo ) = pjhr (J ai J a2 (p 2 ) . . . J a "( Pn )w Lo ) 

+ iJ2 Al{Ui ~ Ul,T) f aiaj a'M (j a2 (P2) ■ ■ ■ J a ^{p 3 -l)J a 'i{ Pj )J a ^{p 3+1 ) • . . J a HPn)w L ° 
3=2 Pl 

n A ( — \ 

+ 2W "^V ^tr (J a *(p 2 ) . . . J a ^( Pj ^)J a ^(p j+1 ) . . . J a -(p n )w Lo ) , (4.3) 

where 

we obtain 

tr (j ai (Pi)J a2 (p 2 ) • • • J an (Pn)w Lo ) s = -tr (J ai J a2 (p 2 ) . . . J a -( Pn )w Lo ) s 

Pl 

"AC— 1 

+ fe 2l ^' UuT) [5 a ^ti (J a2 (p 2 ) . . . j a ^( Pj ^)j a ^( Pj+1 ) . . . r«( Pn )w Lo )] s . 

3=2 PlP l 

(4.5) 

This generalizes to 
tr (j a Hpi)J a2 (p 2 ) • • • J ar (Pr)Jo r+1 ■ ■ ■ Jo n ™ L °) s 

= -tr (r>( P2 ) . . . r^prUS 1 ^ 1 . . . Jt^ Lo ) s + kj^ ^~ Ul ' T) 
Pl f^ 2 Plpj 

x [6 a ^tv {J a \p 2 ) . . . r^ip^J^ipj+x) . . . J ar (pr)Jo r+1 . . • JS n w Lo )] s • (4.6) 
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Applying this for r = n = 2, 

tr (j a ^p 1 )J a ^p 2 )w LQ ) PlP2 = tr (J ai J a2 (p 2 )w L °) P 2 + kA 2 {v 2 - r^i, r)£ 0ia2 x(r) 

= tr (J ai J^w L °) + kA 2 (v 2 - ^r)5 a ^ X {r); (4.7) 

using (|3,43p and (|4.4p . we have 

o,f = i^tr (j$4w Lo } - 25 ab kr](T). (4.8) 

Taking r = n = 3, 

tr (j ai (^l)J a2 (/02)J a3 (p3)^ L °) 5 PlP2P3 = tr {jS 1 J a2 (p2)J a Hp3)w L0 ) s p 2 p 3 

= tr (J ai J a2 J a HP3K ) 5 P3 

= tr(«V a3 u, L °) 5 (4.9) 

because tr( J" 3 {p 3 )w L °) = tr(Jg 3 w io ) = 0, so that 

^ C = ^tr ( J$4 J^w L °) g . (4.10) 

For r = n = 4, 

tr(j ai (pi)«/ a2 (/> 2 )J a3 (p3)J a4 (P4)^ i0 ) 5 /5lP2P3/54 

= tr {JS 1 J a2 ( P 2)J a:i (p3)J a4 (p4)w Lo ) s p 2 p 3 p i 

+ fcA 2 (z/ 2 - ^) [5 aia Hr {J a3 (p 3 )J a *(p A )w L °)} s p 3 p A 
+ A;A 2 (z. 3 - ux) [<5 aiQ3 tr (j a2 (p 2 ) J a4 (p 4 )^ io )] s p 2 p 4 
+ kA 2 (v 4 - ux) [5 aia4 tr {J a2 (p 2 )J a3 (p 3 )w Lo )] s p 2 p 3 
= tr (J ai J a2 J a *(p 3 )J a *(p4)w L °) s p 3P4 

+ k (A 2 (u 2 - vj) + A 2 {v 3 - ux) + A 2 (z/ 4 - i/i)) [^ aia2 tr (j^J^w L °)] s 
+ A: 2 (A 2 (z^ 2 - z^i)A 2 (^ 3 - i/ 4 ) + A 2 (^ 3 - z^i)A 2 (^ 2 - z/ 4 ) 
+A 2 (^ 4 - ^i)A 2 (^ 2 - ^)) [<5 0ia2 <5° 3a4 ] s x(<r) 
+ kA 2 (u 3 - v 2 ) [b a ^iv (J^J ai (pA)w Lo )] s p A 
+ fcA 2 (^ 4 - v 2 ) [5 a2a4 tr (j«KJ a *(p 3 )w Lo )] s p 3 

+ fc [«5 aia2 tr (J" 3 J a4 ^ L °)] g £ A 2 (ui - Vj ) 

i<j 

+ k 2 (A 2 (u 2 - ux)A 2 (iy 3 - z/ 4 ) + A 2 (^ 3 - z^i)A 2 (z^ 2 - i/ 4 ) 
+A 2 (z/ 4 - ^i)A 2 (^ 2 - i*)) [^ a2 ^ a4 ] 5 X (r). (4.11) 
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Then, since 

tr {J a ^p 1 )J a Hp 2 )J a Hp 3 )J^(p 4 )w Lo ) c = tr {j^(p 1 )J^(p 2 )J^(p 3 )J a ^p i )w L °) 
- [tr (j^(p 1 )rHp 2 )w Lo ) tr [J as (pz)J a *( P4 )w Lo ) 

+tr (J^iM^sK ) tr {J a Hp 2 )J a *(p 4 )w L °) 

+tr (j^i)^ 4 ^)^ ) tr (J a2 (p 2 )^° 3 (P3)^ )] /X(r), (4.12) 

4 

tr(j^(pi)«/ a2 (^)J a3 (/3 3 )J a4 (P4)^ Lo ) cs n^ 

= tr (j^J^J^J^w L °) s - 3 [tr (J ai J> L °) tr J a ^°)] g / X (r). (4.13) 

From (|3.78p . this shows that 004 is given as a "connected part" of a trace of zero modes. In 
the next section we define such connected parts and show that uo n is given in terms of them 
for all n > 2. 

4.2 Connected Parts of Zero Mode Amplitudes 

Because of the locality of the currents, A , defined as in (|3.32j) . and so Aq, defined inductively 
by (|3.36p , is symmetric under simultaneous permutations of the indices aj and the variables 
Uj. We define the symmetrization Ag of A A by symmetrizing on the aj alone: 

A a^...a in ^ I ^ %(1)%{2) ... %(n) ? } ( 

equivalently we could symmetrize on the variables Vj alone. We define Aq S , the symmetriza- 
tion of Aq, similarly. 

We consider the trace of zero modes of the currents, 

Z A _ Z a n a l2 ...a ln ^ = tj . fj*H j«i 2 _ _ _ j«.n/oj (2m) n , (4.15) 

and, more particularly, its symmetrization, Zg, defined as in (|4.14p . We can define a "con- 
nected part", Zqs, inductively for Zg, following (|3.36p . 

z$a = zi- £ xW 1-|P| II z cs> ( 4 - 16 ) 

Pe%' A AjeP 

(where again ty' A denotes the same collection of divisions of A into disjoint subsets but 
omitting the division of A into the single set consisting of itself) together with the vanishing 
of the one point function ZqL = 0, and with the two-point function given by 

4*f = = tr («^°) (2mf. (4.17) 

For A = {i±,i 2 , . . . , i 2rn }, define 

£>GS 2 m j = l 
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and define V A = if A has an odd number of elements. Then 
and the recurrence relation (j4.6j) leads to 

where 9\a denotes the subsets of A, excluding the empty set but including A itself. 
Now, symmetrizing (|3.36p . 



(4.19) 



(4.20) 



a a s =a a cs+ y: x 1 -^ 1 



cs 



(4.21) 



If we assume, as the inductive hypothesis, that Aq S = Z^o, for 2 < \B\ < \A\, and that 
(|4.19p holds when \B\ = 2, we have, on substituting for A cs and symmetrizing, that 



A A S =A£ s + E ^- |P| 

= A A CS +Y. X 1HP| 
p&er A 

by Then using ([OOP . 



A,eP 



+ £ 



^ e * ihri n 



A,eP 



4* 



+ e 



A~B1 



D.eR 



(4.22) 



C5 



(4.23) 



so that A cs satisfies the recurrence relation (|4.16p for Z^ s and we can conclude inductively 



l cs 

that Acs = Z cs> for 1^1 > 2. 



It follows from ({37751) . 

^r) = <o- a »(r) 
with ^2 given by (|4.8p . 



(27ri) n 



(n-l)! X (r) 



tr ( J ai J a2 . . . J a "u> L °) n > 3, (4.24) 



4.3 Traces of Zero Modes and Characters 



In this section we will relate the symmetrized traces of the zero modes 



z a h a i2 ...a in ^ = ^ ^ ^ _ _ _ J^n^j ( 2 7ri) n , 



(4.25) 
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to the character of the representation of the affine algebra, g, defined by (jl.ip . in the space 
of states, 

x (B,t) =tr (e iHe w L °) . (4.26) 



Here H denotes the generators of a Cartan subalgebra, f), of the finite-dimensional algebra 
g formed by the zero modes, 

[«]=fVo- (4-27) 
For convenience of exposition, we shall take g to be simple in what follows. 

For fixed r, tr ^Jq 11 Jq' 2 • • • jQ ln w L °^j is an invariant symmetric tensor for g, The space of 

symmetric tensors, S(g) is isomorphic (as a vector space) to U(g), the universal enveloping 
algebra of g, 

The invariant tensors 5(g) 9 C S(g) correspond to the center Z(U(g)) of U(g), i.e. the 
elements of U(g) that commute with g. This is a ring generated by rank g elements (e.g. 
|27j . page 337), the basic Casimir operators, or primitive invariant tensors. These can be 
taken to be orthogonal, 

^ aia2 - an <a 2 ...a m = 0, (4.29) 

where uj,uj' are primitive invariant symmetric tensors of orders n, m, m < n. 
We can use a Cartan- Weyl basis for g, using to denote the set of roots of g, 

[H i ,H j ]=0, l<f,i<rankg; 

[H\ E a ] = a l E a , a £ 1 < i < rank g; 

[E a ,E^] = e(a,l3)E a+ P, a, f3,a + (3 G $ 



2 

—a • H, /3 = -a £ $ 



a 



= 0, otherwise. (4.30) 

(We omit the suffix on H,E a .) With this choice of basis, the quadratic Casimir operator 



2 

jaja = H 2 + Y^^- ( E „ a E a + E a E. 
»>0 



= H 2 + 25 ■ H + J2 a2E -*E a , $ = ^J2 a > 

a>0 «>0 

= (H + Sf -5 2 + ^a 2 E_ a E a . (4.31) 

Q>0 

The value of J 2 in a representation with highest weight A can be obtained by evaluating this 
on the highest weight state |A), which has E a \X) = for a > 0. Thus the value of J 2 in this 
representation is 

A • (A + 25) = (A + 5) 2 - 5 2 . (4.32) 
If ^ a i a 2--- a »i i s an y invariant tensor for g, 

C i = ^2-a n ja! ja 2 _ _ _ ja n £ Z (U(g)), (4.33) 
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and we can evaluate its value in the representation with highest weight |A) by expressing it 
in the Cartan-Weyl basis and moving the E a ,a > 0, to the right. Because [H l ,Cp\ = 0, we 
can write 

C 5 = <t>(:(H) + F^ a E a , for suitable F^ a G U(g), (4.34) 



o>0 



where 4>^{H) is a polynomial of degree n in the H l . Then C^\X) = ^(A)|A), so that Cg takes 
the value (p^(X) in the representation with highest weight A. Given two such invariant tensors 

V a>0 ) \ /3>0 

= 4>^{H)^ 2 {H) + Y, FZx,a<f>UH - a)E a + ]T fafflF^Ep 

a>0 /3>0 

+ J2F^UH)E a J2kA H ) F ^ E P ( 4 -35) 

a>0 /3>0 



so that 



^ 2 (H) = ^ 1 (H)^ 2 (H). (4.36) 



If ^ 1 = 4>£ 2 , then C^j = C^ 2 acting in each highest weight representation of q. It follows from 
this that C^j = C^ 2 as elements of £/(fl) (see, e.g., [28], page 251). Thus i— > 0£ defines a 
map Z(Z^(g)) — > 5(h), which is an algebra homomorphism and is one-to-one. 

The elements (f>£ G 5(h) obtained in this way have an invariance under the Weyl group, W, 
of g as we shall now show (see [29], page 130, or [28], page 246). Consider the action of 
(j)^ in the infinite-dimensional representation, V\, with highest weight A, where A G A , the 
weight lattice of g, with a ■ A > for a > 0, whose states are generated by the action of 
E a ,a > 0, on a state |A). The finite-dimensional representation, V\, is the quotient of V\ 
by its largest invariant subspace. Taking a basis of simple roots, a±, 02, ■ ■ ■ , ot r , r = rank 55, 
mi = 2ai • X/af G Z and a, • A > 0, consider E™£ l \X). Now 

a, ■ HE s _ ai \X) = ^(m t - 2s)E s _ ai \X) 

so 

mi 

Ea^'lX) = ^(m ; - 2s)E^\X) = 0. 

s=0 

and E^E^^IX) = for i± j because [Ea.,E a .] =0,i^ j. It follows that £? a £^+ 1 |A) = 
for a > and so £^, + |A) = generate an invariant subspace of V\ (which is divided out in 
the construction of V\). Then 

C^ a f\X) = MH)E m ^\X) = ^(X - mi a t - ajE^X). (4.37) 

But, on the other hand 

C^ a f\X) = E^fm) = fc(A)i£* +1 |A). (4.38) 
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Thus, for each simple root, a^, 

<t>${\) = 4>t(X- mjOj - Oi). (4.39) 

If (Tj denotes the element of the W g corresponding to reflection in the hyperplane orthogonal 
to ai, 

<Ti(A) = A — miCti, and Cj(<5) = 5 — ai, 
because 25 • onjoq = 1 for each simple root Qj. Thus (|4.39p can be rewritten 

^(X) = ^(a i (X + S)-S), (4.40) 

and, if we define 

€ (A) = <^(A - 5) = f ((7i(A) - 5) = 0(<7<(A)). (4.41) 

Because the reflections in the simple roots, ai, generate the Weyl group W s , 4>^(X) = 4>^(X — 5) 
defines a function invariant under the whole Weyl group. Thus C% i—* 0g defines a homomor- 
phism of Z(U(g)) — > S(i)) w , the polynomials in H invariant under the Weyl group. In fact, 
this map is an isomorphism, called the Harish-Chandra isomorphism. That C% \— > (f>£ is onto 
follows from the fact that S(\rj) w is spanned by tfr^ for £ a i a 2--- a n = tr(i ai i a2 . . . t an ), where the 
t a are the representations of Jg in the finite-dimensional representation V\, A G A g (see, e.g., 
, page 253). 



Now, writing 

tr (>' V°) = x (9, t)=J2 hHx\e), (4.42) 

AeA+ 

where A+ = {A G A : a • A > for a > 0}, 

tr(Qw Lo )= ^ b x (w)0(\ + 5) dimVx, (4.43) 

AeA+ 

and the character for the finite-dimensional representation V\ of g, x A ($) is given by the 
Weyl character formula, 

XX{6) = a7#T E ^K CT(m>£ \ (4-44) 
with e(cr) = ±1 being the determinant of a, and the Weyl denominator being given by 

A s (0) = Yl (ei a - e - e-5 a ' e ) , (4.45) 

a>0 

where the product is over the positive roots of (See [29], page 139.) The dimension dimVx = 
X A (0), but to evaluate this from (|4.44p . we need to take a limit on the right hand side. In 
fact A g (0) = O{0 n+ ), as 6 — > 0, where n + is the number of positive roots of g. Now 

<°)e m{S+xye = II E i<<7)e ia{5+xye <T(S + A) • a 

Q>0 aeW B a>0a£W s 

= H H^i. 6 + A ) • ^"V), wh en 9 = 0. (4.46) 

a>0a£W s 
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As a runs over the positive roots of q, a(a) will range over a set obtained from the positive 
roots by reversing some of their signs. The product of these sign changes equals e(er) = e(cr _1 ). 
Hence the sign changes cancel the effect of e(<r) in (|4.46p and we have 



[|a ^ e(cr)e 



io{5+\)-6 



a>0 a<=W„ 



l+ \W 9 \H(5 + X)-a. 



a>0 



Since x°(0) = 1, 
and, hence, 

and 

Applying 

to the equation 



A B (0) = £ e(<7)e 



io-(<5)-9 



n <* ■ d ^°) 



a>0 



\W s \l[S-a, 



dimV x = X X (0) = H 



a>0 

(5 + A) • a 



a>0 



(5 ■ a 



a>0 



X' 



(4.47) 
(4.48) 

(4.49) 
(4.50) 

(4.51) 
(4.52) 



we obtain 



\ct>0 



a>0 



TGW a 



[](5-a + X) ■ P) n dimV x (4.53) 



and so 



(/3-p e ) n (n^r)^ r ) A ^) 



\a>0 

where pg = —idg. 
If 



a ■ 5 



= J2b x (w) Y (a(5 + X)-l3) n dimV x . (4.54) 



0(A) = £ (/JV(A)) B = £ (^)-A)", 

cr'GWa a'eW a 



(4.55) 



V*>0 



a • 5 



= E 6 ^) E H5 + A)-a'(/3)) n dimy A 

= l^ lE^H^(5 + A)dimy A . (4.56) 
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The functions (|4.55p span the polynomial functions (fr(\) invariant under the Weyl group and 
so (|4.56|) holds for any such function. Prom (|4.43j) . it follows that 



)(n^)x(«.r)A.W 



\a>0 



(4.57) 



The symmetrized products of the primitive symmetric invariant tensors form a basis for all 
symmetric invariant tensors. Suppose Uj ia2 "' a ™, 1 < j < N forms an orthonormal basis for 
the symmetric invariant tensors of order n, so that 



fc- 



(4.58) 



Then we can write 



A' 



tr[ J^Jo 2 ...J^w 1 



3=1 



(4.59) 



where 



and 



fj(w)=tr {C^w L °) 



(4.60) 



tr( jpjp ...Jn' n W 







La 



1 N 
WA E 



«i J= i 

N 



m n 



\a>0 



a-Pe 
a ■ 6 



x(0,t)A b (0) 



6»=0 



9 3=1 



a • (p fl + a (5)) 



\a>0 



a ■ 8 



X(0,r) 



1 N ( 

^> r — x; ^(^)) n 



3=1 



7&W B 



\a>0 



a ■ (6 + cr(pe)) 
a • <5 



X(0,r) 



(4.61) 
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5 Summary and Conclusions 



In this paper, we have constructed a general formula for the loop amplitude 

tr{ri(p 1 )r*(p 2 )...j a "(p n )w L °), 

where the currents J a {p) satisfy the operator product expansion 

f ab c J c (z 2 ) 



J a (z 1 )J°(z 2 ) 



Oi - z 2 y 



+ 



z\ - z 2 



(5.1) 



(5.2) 



which is equivalent to the affine algebra g, defined by (jl.ip . This formula extends the Frenkel- 
Zhu construction for tree amplitudes pQ , described in section 12.21 an d generalizes the results 
obtained when the currents are given as bilinear expressions in fermionic fields, which are 
reviewed in 13.11 

The general formula is described graphically by summing over all graphs with n vertices 
where the vertices carry the labels a\,a 2 , . . . ,a n and each vertex is connected by directed 
lines to other vertices, one of the lines at each vertex pointing towards it and one away from 
it. Each graph consists of a number, r, of directed "loops" or cycles, £ = (h,i 2 . . .ie) with 
which we associate an expression /e. The expression associated with the whole graph consists 
of a factor of l/27ripj for each current J aj (pj) and — 1 < i < r, for each cycle, 



n 1 

7 = 1 J 



diagrams 



i=l 



For £ = (h,i 2 . ..ii), 



H = /_^ K l,m H-£,m\yi\i2i ■ ■ ■ J v ii-\if> v ithi T )- 



m=0 



The functions H£ m are defined in terms of the Weierstrass a function by 



(5.3) 



(5.4) 



If. \ oo 

n ajpj + V, T) tt , , r, 



v ' ; j=l ; m=0 

and the invariant tensors Kg^ m are defined inductively by the equations 



(5.5) 



„aia2. 



T - K 



a.2ai. ..an r \ _ fa\a,2 ba 3 ...a e r \ 
Lm \ T ) ~ J 6^-1,771-1 vJ> 



a 1 a 2 ...a f , \ _ a 2 ...a e a 1 

K e, m \ T ) — K £,m 



(r), 



(5.6) 
(5.7) 



together with the requirement that K^. m be orthogonal to all symmetric tensors for m > 
and I > 2, and the initial condition that k 2j2 = k, tz 2 ,i = and k^q{t) = u>e(r), where the 
symmetric invariant tensor, 



a.ia,2...o.£ 



(r) 



(27TZ) 



Jq 1 w Lo ) 



c,s ■ 



£>3: 



(5.8) 
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= ^tr (j "J V») - 25 ab krj(r). (5.9) 

A proof that K£ tm is exists and is defined uniquely by (|5.6p and (|5.7p is given in section 12.31 
and an algorithmic method for constructing them inductively using Young tableaux is given 
in Appendix Rl 

The results described so far in this section apply to the affine algebra, q, associated with any 
finite-dimensional Lie algebra, 0. In section l4~3l we gave a method for calculating the traces 
of zero modes, necessary to determine the symmetric tensors u, in terms of the character 

x (0,r) =tr (e iH e w L A (5.10) 

of the representation provided by the space of states of the theory. The method would apply 
to any compact q but we took it to be simple for ease of exposition. 

The "connected" symmetrized trace (|5.8|) is defined in section 14.21 in terms of the "full" 
symmetrized traces, which themselves can be expanded in terms of an orthonormal basis of 
symmetric invariant tensors of order £, 

N 

tr 



(j a - J a - . . . j; ie w L °) s = £ f j (w)uf a *- ai , (5.11) 



where N is the number of independent symmetric invariant tensors of order £, fj(w) = 
tr \C Uj w ^ and the Casimir operator C UJj = U j°j ia2 '" at Jq 1 Jq 2 . . . J^ e . In section [4T3j we 
reviewed how a normal ordering of the Jq in C u . , by writing C^. = </> u . (H) + Nj , where 
H denotes the elements of a Cartan subalgebra and Nj annihilates highest weight states, so 
that C w . i — > (j> Uj (H) defines the Harish-Chandra isomorphism of the center of the enveloping 
algebra of q (that is the ring of Casimir operators) onto the polynomials in H invariant under 
the action of the Weyl group, W s of g. This leads to the expression 



i f;^— £ Ki {a(pe)) ( n °'( 4 + *&>»»' 



1 01 7 = 1 crGVKa \Q>0 



(5.12) 

0=0 



for the symmetrized trace (j5.11j) . where pe = —ide, a denotes a root of q and 5 denotes 
half the sum of positive roots. With this we have assembled all the elements of an explicit 
expression for the loop amplitude (|5.ip . In Appendix C, this is compared with expressions 
given previously [3] for n = 2, 3, 4. 
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A Explicit Construction of the Tensor n n in terms of K n -i 

As a preparation for giving an explicit construction of the tensor K n in terms of K n —i, we 
review some salient features of the representation theory of S n (see e.g. [30], page 44). 

The number of inequivalent irreducible representations of & n , the group of permutations of 
n objects, is p(n), the number of partitions of n. Each partition, p = (p , . . . ,p m ), with 
p l > p 3 , if i < j and ^a=\V % = n i determines a Young diagram, consisting of n boxes 
arranged into m rows and p 1 columns, with p l boxes in the i-th row and the number of boxes 
in the j'-th column equal to the number of p k > j. We can identify the partition p with 
the corresponding Young diagram. The Young diagrams label the inequivalent irreducible 
representations. 

Given a Young diagram p, a Young tableau, A, is defined by an assignment of the integers 
1, . . . ,n to the n boxes of p. This gives n\ Young tableaux associated with a given Young 
diagram. A standard Young tableau is one for which the numbers assigned to the boxes 
decrease along each row (from left to right) and down each column. The number of standard 
Young tableau associated with the Young diagram p, 

j]\ -| — |- 

d v = o \ ' o i 1 Wi-^i)' where ^ =p> + m-j, (A.l) 
«l! . . . l m \ ^ 

and this is also the dimension of the irreducible representation associated with p. The regular 
representation of & n , V, which consists of linear combinations ^2 ge&n x g g, of elements of 
& n , contains d p representations of the type labeled by p, so that |S n | = ^ p dp, which we can 
regard as being labeled by the standard Young tableaux associated with p. We label these 
Af , 1 < % < d p . 

Given a Young tableau, A, we define 21a of & n to be the the subgroup of S n consisting those 
permutations which map each row of A into itself and define 23a of & n to be the the subgroup 
of 6 n consisting those permutations which map each column of A into itself. Let 

a x = ^2 g, b x = ^2 ^)Q, (A.2) 

where e(g) denotes the sign of the permutation g. Then 

gax = a x g = a x , g G 2l A ; gb x = b x g = e(g)b x , g £ 53a- 
Define the Young symmetrizer 

ca = a x b x . (A.3) 

Then ^ 

c\ = N p c x , where N p = ^, (A A) 

«A 

and 

c x c^ = 0, (A.5) 
if A, fi have different shapes, i.e. are associated with different Young diagrams (partitions). 
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If the distinct Young tableaux A, fi are associated with the same Young diagram, p, we can 
find a permutation G & n , which takes [i into A; then 

a\ = OV^C/A) b x = axfib^a^x, c\ = (Tx^a^x, °VA = °"aV (^- 6 ) 

Further (see [31], page 393, or [32], page 75), either there exists a pair (j, fc) contained in a 
single column of A and a single column of fj,, in which case, if t € S n is the transposition 
interchanging j and k, t £ 23 a H 21^, i 2 = 1, so that 

&A<fy = M 2 a M = -ha-/,, implying c A c M = 0, (A.7) 

or the elements of each given column of A are in different rows in fi, in which case 

o"A/x = fix^x^ for some q Am G 21^,^ G 53a, (A.8) 

so that 

bxa^ = ex^bxPx^ax^ = exfibxax^, where e A/u = e(^), (A.9) 

implying 

ca^ = Npex^xnCf, = Npex^cxax^. 

If the normalized Young tableau ca = cx/N p , and a a = ax/y/~N p ,bx = bx/\^N p , and A, 
have the same shape, 

bxa-fj, = ex^bxo-x^a^, c A c^ = £a m cao"a m = ex^x^c.^, (A.10) 

where £aa = 1, ^x^ = e(f3xn) if the elements of each given column of A are in different rows 
in n, and exfi = otherwise. 

Writing, Aj = A?, 1 < i < d p for the d p standard Young tableaux of type p, in lexicographical 
order, that is if i < j and we compare the entries of integers in the boxes of Aj and Aj reading 
along each row from left to right starting with the first row and proceeding to the second, 
and so on, then for the first discrepancy the integer in the relevant box in Aj is greater than 
the one in the corresponding box in Aj; in this case we write Aj < Aj if i < j. Then, writing 
a-i = ax; , bi = bx t , = ax, Xj , haj = if i > j, 

bihj = eijbiOijhj, (A. 11) 

where is defined as in (IA.10D . for i < j. 
For each Young tableau A of type p, 

Vx = Vex, (A.12) 

defines an irreducible representation subspace of the regular representation V of type p, 
dimension d p . The spaces Vx t , 1 < i < d p , provide d p irreducible representations of type p in 
V. In fact, 

dp 

V = ©©V^- (A-13) 

p i=l 

Corresponding to this decomposition into irreducible components, a basis for V is provided 

{°A p A p CAP = aA pCr A p A p ^A p : 1 < hJ < d p',P G P ( n )} ( A - 14 ) 

i J J i i J 3 
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where P(n) denotes the set of partitions of n. To establish that this is a basis, it is enough 
to show that the states 

diCijbj — ^ij^ji 1 — ijj — dp, 

using the notation of (|A,lip . are linearly independent. If 

/ J XijVijCj = 0, then XijCiUijdjCk = 0, 

implying 

XijdeaijCjCk = 0. (A.15) 

£<i,j<k 

Suppose some a?y ^ 0; choose I so that is the largest value of i for which this is true and 
then k so that it is the smallest value of j for which x^j ^ 0. Then all the terms on the left 
hand side of (|A.15[) are zero except for one leaving 

xekCe&ekCkCk = xtk&ivtk = 0, 

which implies x^i~ = 0, a contradiction. Thus, we conclude that Xij = for all i,j and so 
that the states (|A.14p form a basis. 

Now we seek to determine Xij,l < i < j < cL, so that 

p p = y~] cj+ ■''■ J rr 'j r j (A.i6) 

l<i<d p l<*<i<^p 

is the projection on to the spaces corresponding to the standard Young tableaux of shape p, 

dp 

Vp = @V%' ( A - 17 ) 

i=i 

(See [32], page 76.) A necessary and sufficient condition for this is P p aijdj = (TijCj for 
1 < i, j < dp. If this holds we will have ^2 p P p = 1, because P p KJijCj = if p' is another 
shape of Young tableaux. 

PpPkiCt = ^2 ^k a k£ + ^2 x ij a ijCjCk&kl 
l<i<d p l<i<j'<dj, 

= C 2 k Ok£+ ^ CiCk(Jk£+ ^ XikVikC 2 k Okl+ ^ Xij<JijCjCk(TM 



l<i<k l<i<k l<i<j<k 

°k£C£+ ^ €ik;CilC£+ Xik(JilCl+ Xij€jkCFiecj 

l<i<k l<i<k l<i<j<k 



= Oklh + ^2 \ e ik + Xik+ ^2 °°ij e jk G %ih- (A.18) 
l<i<fe V i<j<k J 

Because the are linearly independent, the condition that P p cr^Q = <j^q is 

^ifc = -eifc + ^ Xije jk , for 1 < i < k. (A.19) 

j<j<fc 
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We can solve this equation iteratively for increasing k — i, starting with k — i = 1: 



Xk-i,k = — efc-i,fc; 

Xk-2,k = —£k-2,k + ejfc-2,fc-iefc-l ,fc; 



Xik — —(-ik+ ^2 e ij e jk— ^ £ij£jl££k + • • • + ( _ 1)* *ej,i+l e i+M+2 • • • Cfc-l.fc; 

i<j<k i<j<£<k 



(A.20) 



for i < k. Then 



P p = ^ £i c i> where 6 = 1 + X X W ( A - 21 ) 

and 

l = h^ dp ^ ^c Af . (A.22) 

P l<i<d p 

In fact = 1 for all j when n < 4. 

Every 25 a 7^ 1 unless A corresponds to the Young diagram pi with only one row; this corre- 
sponds to the identity representation and has 21a = 6„. So 

l = h.^ e+ hX dp ^ *W (A.23) 

So, for given K n _i G /C n _i, if K n is the solution to (|2.25p and (|2.26p orthogonal to all 
symmetric invariant tensors, 

K n = — V] d p S2 £,\ pC \ pK n- (A.24) 

p¥=Pi l<i<d p 

For each Young tableau A not corresponding to the identity representation, choose a trans- 
position t\ G 55 a- Then ca^a = — c\ so that 

c\K n = |c A (l - t x )K n = \c x <t){t\, Kn-l) (A.25) 

and ^ 

P^Pl l<i<d p 

We can express each of the transpositions t\ as a product of the generating transpositions 
<7j, defined as in f|2.33[) : if t\ is the transposition interchanging j and k, with j < k, 

t\ = Cfc-l • • ■ (Tj+l(Tj(Tj+l . . . CTfc-l, 

We can then evaluate (f>(t\, K n -i) for A = Af, using (|2.43p . to give an explicit expression for 
K n in terms of K n _i- 
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B Properties of H n 

In this Appendix we establish some properties of the generating function H n , defined by 
(137TT1) . We noted that 



— H n (v 12 , . . . ,v n i,r;v) 



1 TT ojPj + v _i r ) 
a(u,r) n o-(/Xj,r) 



(B.l) 



is an elliptic function of v and Uj, 1 < j ' < n. Viewed as function of v, it has a pole of order 
n at the origin but it is otherwise regular. 



1 1 1 

— Hf, — h tHt) 1 "I - 

2/« z/™ i/™" 1 ' 



1 1 

-^#n,n-2 + -Hn,n-\ + H n<n + 0(v) as 1/ -> 0. (B.2) 



Writing the Weierstrass elliptic function 

CO 

V(iy,r)=u- 2 + Y,C2 m (ry m , 



m=l 



we note that its derivatives 



p(n) ^ t) = ( + n \ Cn{T ) + 



(B.3) 



(B.4) 



as v — > 0, where q = if £ is odd. So 

-ff„ - -^-p("- 2 V) + ^J^p(-3) (zy)jff + _ V{u)H (B.5) 
z^ ra (n — lj! (n — 2)\ 

is an elliptic function of v whose only potential singularity is a simple pole at the origin. 
This implies that it is constant as a function of v (see [25], Proposition 4.11, page 48) and 
the residue of the pole must vanish: 



H n>n -i(i/ 12 , . . . ,v n i,T) = 0, for n > 2. 



For n = 3, this gives 



E^ r 



T=l 



E^GO, ifj> r = 0; 



(B.6) 



(B.7) 



r=l 



r=l 



and, for n = 4, 



r=l 



£ C(Mr) 



r=l 



r=l 



+ 



r=l 



if Mr = 0; (Bi 



r=l 



(see pages 446 and 459, respectively). 

We can equate (|B.5P to its value at v = 0, giving 



(n-1)! 



(n-2)!' 

+ . . . + V{v)H n , n _ 2 + H nin - E UouHw-u-z. (B.9) 
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By direct calculation for n = 2, we have that 

v H 2 (v 12 , u 2 x,t; v) = — i-^—, r- = V[y) - V(y 12 ), (B.10) 

so that 

H 2fi (u 12 ,r) = 1- H 2t2 (v 12 ,T) = -V{v 12 ,T); (B.ll) 

H 2t2m (vi 2 ,T) = c 2m -2(r), m > 2. (B.12) 

In particular, from the expression given for H 2t 4 given by (|3.52p . we can deduce the differential 
equation for V, 

V" - QV 2 + \g 2 {T) = 0, 

where 

g 2 (r) = §vr 4 (0 2 (O, r) 8 + 3 (O, r) 8 + 4 (O, r) 8 ) = 20c 2 (r). 
Consider the symmetrizations of H n)Tn and -£f n , 

H^mi^m ■ ■ ■ ,V n l,r) = — ^2 -^n,m(^(l) (? (2)) • • • , ^(n) e (l) ) r )> (B.13) 

ijf(i/a2,...,%i,T;i/) = — ^2 H n {v g{l)s{2) ,...,v e{n)g{1) ,T]v). (B.14) 

Since H n (v± 2 , . . . , z/ nl , r; i/) = H n (—u\ n , . . . , —1/21, r; v), H% is an even function of v and so 

H n,m( l 'i2, ■ ■ ■ , v n \, r) = 0, m odd. (B.15) 

For n > 2, 

Res H% m (i/ 12 ,...,v nl ,T) = 0; Res H%(i/ 12 , . . . , i/ nl , r; 1/) = 0. (B.16) 

fl2=0 fl2=0 

Because u~ n H^ m (ui2, . . . , v n \, r) and v~ n H^{v\ 2 , . . . , z/ n i, r; 1/) are elliptic as functions of 
fy, but have no poles in these variables, it follows that they are independent of them, i.e. 

H n,m(^i2, • • • , Vni,T~) = H% >m (r), independent of i/^; (B.17) 

00 

H%(v 12 ,...,v nl ,T;v)=HZ(T;v) = J2 H lm(T)v m > n > 2 - (B.18) 

m=0 

For n = 2, we have that 

^ 2 5 (^i2,^2i,r;^) =i?2(^i2,^2i,r;i/) = v 2 \P{v) - V(v X2 )\ (B.19) 

So, 

ff?o(^2,r) = l; H$ t2 (v 12 ,T) = -V(y X2 ,T); (B.20) 

^2 5 2 m (^i2^) = c 2m - 2 (r), m > 2. (B.21) 
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By direct calculation for n = 3, we have that 



u 3 a(u + ui 2 )a(u + v 2 ?)(j{y + ^31) v^oiv + v 2 {)a(y + z^cr^ + ^32) 



= §z, 3 C». (B.22) 



We also have, by direct calculation, that 
(—-\\ n 

H%(t;v) = -± — i—y n V {n - 2) (v) = \ — '— -u n C {n - 3) M holds for 3 < n < 6. (B.23) 
(n — 1)! (n — 1)! 

and conjecture that it holds for all n > 3. When (IB.23j) holds, we have that 

fl£„(r) = 1; < 2m (r) = 0, 1 < m < §n; (B.24) 

(—1 \ n (2m — 2V 

< 2m (r) = ( „_i ) l (2m _„ )! c 3m-2M. ™ > (B.25) 
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C Explicit Formulae for Two-, Three- and Four-Point Loops 



In this appendix we show how the formulae we have given previously [3] for two-, three- and 
four-point current algebra loops relate to the general result (|5.3p . For two- and three-point 
loops there is no distinction between the connected part and the whole loop amplitude. 

C.l Two-point Current Algebra Loop 



where 



tr (j a ( Pl ) J b (p 2 )w L ° 



X(r) ( 

47T 2 pip 2 ' 

X(r) 
<iir 2 p 1 p 2 



S ab k X (r) \(xZ) 2 -^ 2 f(r) 



v .ab tt , ^.ao 
h 2 H 2 ,2 + «2,0 



ab 



(C.l) 



-V12 = ~ {xns) 2 - y [^(°> T ) " 9 t(0,r)] 



#2,2 

K f = kd ab , for K ab = k5 ab , 

2 

K ab 
K 2,0 



^ (r) tr(J J u, ) +kd 3 ^ i(0)T) 
A<K 2 k6 ab [f(r) + UOl(0,r)-ei(0,T)} 



(C.2) 
(C.3) 

(C.4) 



and 



fM _ X (2) (^) 1 g^r) tv(J a J b w L °)-5 ab Y^(T) 
Xns = XNsi^i ~ Vj,r), x(r) = tr (w L °) . 



(C.5) 
(C.6) 



C.2 Three-point Current Algebra Loop 



tr (r( Pl )J b (p 2 )J c (p 3 )w 



L 



IX{T) 



8n 3 pip2P3 
ikf abc x(r) 



^abc tt I ,,a6c rr . . 
K 3 -"3,3 + K 3 1^33,1 + K : 



abc ) 



„abc 
3,0 



8ir 3 pip 2 p3 



[*$S*%ST&8 ~ ^(C 21 + C 32 + C 13 )/(r)] + C„ X ! 3) „ (r) «'•<> 



2pi/>2P3 



where C* J = C(^i ~~ ^ T ) an d denotes the symmetrization 



•••'^' T ) = ^ £ ^ %(1)%(2) ''' %( "K% (1) ,% (2) ,---,% w ,r); (C.8) 



(?6S„ 
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-32 



-13\2 



-21 



-32 



-13w-n21 



32 



v21 



y32 



>32 



-13w-n21 



,32 



13 \ 



V 21 



-,/32 



-xfe 3 ^ - y (Ol(0,r) - 9i(0,r)) (c 21 + C 32 + C 13 ) 



c 21 + C' z + c 



32 



\kf abc 



-13 



2^/^ [/(r) + ^(^(0,r)-e 4 4 (0,r))] 



!.! [J a 4j % L «) £ 



tr(J$J b J& L °) = \f abc X {2 \r) + id abc X (3) (r) 

nlsn use «- afec — K- bac — f ab K- ec K- abc — K Cab where «• — k- 

dlfaO Ufae K 3 m At 3m — / e K 2,m-l> K 3,m — K 3,m> wlieie K n ,n — K n . 



since #3,2 = 

(C.9) 

(CIO) 
(C.11) 
(C.12) 

(C.13) 
(C.14) 
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C.3 Four-point Current Algebra Loop 

In [3], we gave the general form of the four-point loop in the symmetric form 
tv(J a (p 1 )J b {p 2 )J c (p 3 )J d (p 4 )w Lo )p 1 p 2 p 3P4 

=8 ab 5 cd (k\(r) [(x^sfl^ 2 ~ f(T)][(X%s?/^ 2 ~ fij)] - X {2) (rf/ X (r) 
+ 5 ac 5 bd (k\(r) [(x]v 3 s) 2 /47r 2 - f(r)][( X 2 N 4 s) 2 /^ 2 ~ /(r)] - X (2) (rf/ X (r) 
+ 5 ad 5 bc (k\(r) [(x^sf/^ 2 ~ f(r)][(x 2 ^s) 2 /^ 2 ~ f(r)] - X {2) (rf/ X (r) 
+ ti(J$J b JZ4w Lo )s 

I 'abed , adcb , acdb , abdc , adbc , acbd\ ^J^\Q^(n ^\Q^(r\ ~-\ 

~ 96 V J X(^JP2(°! r )^4(°> r ) 



_2 r/\ ( ^24 ~ ^32 ^ / ^24 ^41 "\ , j 2 jr/V\<D 

v 2A -v 32 \ (V' 2X -V 32 



-7rV(r) ^ — — ^ + ^f(r)P 32 

+ a acbd^ _l_ x{T) 



J { 1 \V 2A - V 32 J \V 14 -Psi) 

_ ^ X (3) (r) [o abcd (C 21 + c 32 + c 43 + c 14 ) + ^ adc6 (c 41 + c 34 + c 23 + c 12 ) 

+ ^aedfe (£31 + C 43 + £24 + £12) + ^abdc ^21 + £42 + £34 + £13) 
+ a adbc (£41 + £24 + £32 + £13) + ^cbd ^31 + £23 + £42 + £14) 

(C.15) 

where Vij = V(vj — ^,t), V- = V'(vj — z^,t), and a abcd = tv(t a t b t c t d ), where t a provides a 
representation of g with a ab = tr(t a t b ) = 2n ab = 2kS ab and a abc = tr(t a t b t c ) = f ab e K ec + d abc ; 
then 

abed ^ ( tab rede , rda tbce\ , ^ ( tab -iced , j-ac iedb , tbc ieab\ . -abed /r-\ n\ 

° = a / e/ +/e/ +7 / e« +J e a +/e d +^ (C.16) 



where a; afecd is a totally symmetric tensor, independent of r. Now, using 

2P 2 4 = 



i (v' 2i -r 32 \ fv 24 -v 4l 



2 \V 24 — V 32 ) \V 24 — Vai , 

= (C 13 + C 32 + C 21 ) (C 13 + C 34 + C 41 ) + (C 24 + C 41 + C 12 ) (C 24 + C 43 + C 32 ) - Via - v 24 
= r 12 + r 23 + r u + Vu - (C 12 + C 23 + C 34 + C 41 ) 2 , (c.i7) 
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we have that 



tr(J a (p 1 )J b (p2)J c (p 3 )J d (p^w Lo )c 

= tv(J a (p l )J b (p 2 )r(p 3 )J d (p A )w Lo ) - tr(r(p l )J b (p 2 )w Lo )tr(J c (p 3 )J d (p 4 )w Lo ) 
-tr(J a ( Pl )r(p 3 )w Lo ) ti(J b (p 2 )J d (p A )w Lo )-tr(J a (p 1 )J d (p i )w Lo ) tr(J c (p 3 )j\p 2 )w L °) 



X(r) 



,„abcd tt i „abcd tt , ,„abcd tt , ^abcd 
^4 -"4,4 + ^4,2 "4,2 + K 4,l -"4,1 + ^4,0 



(C.18) 



167T 4 pip2/03P4 

with § denoting symmetrization as defined in (|C.8p . and 

24^,4 = (C 21 + C 32 + C 43 + C 14 ) 4 - 6(C 21 + C 32 + C 43 + C 14 ) 2 (^2i + V 32 + P A3 + Pu) 

- 4(C 21 + C 32 + C 43 + C U )(P' 21 + P'32 + PUs + P'u) + 3(7^21 + P32 + PA3 + Pu? 

- (P" 21 + P" 32 +P" 43 +P"u) 

= -3(C 21 + C 32 + C 43 + C 14 ) 2 (^2i + P32 + P43 + Pu) 

- 3(C 21 + C 32 + C 43 + C 14 )(^2i + P'32 + P'43 + P'u) 

+ 3(P 21 + ^32 + ^43 + Pu? - {V'21 + ^"32 + P%3 + P"u), since F 4 ,3 = 0, 
= -y(^(O,r)-0 4 4 (O,r))F 4 ,2 + X 2 v 1 sX 3 v 2 5xf5x]v 4 S + y ^(0, r)ej(0, r); 



2i?4,2 

abed 
K4 



abed 
Ka 2 



abed 
K 4,l 



abed 
K 4,0 



(C 21 + C 32 + C 43 + C 14 ) 2 - (7>21 + ^32 + 7^43 + 7>u) 
C 21 +C 32 + C 43 + C 14 

1 abed iu I fab rede , fda fbce\ , "abed 

2 a — e K \J eJ ~r J eJ J K 4 



M,4 



2vr^ 



/W + ^(^(0,r)-^ 4 (0,r)) 



(7 



abed 



n 2 k [r h J cde + /^/ 6ce ) [/(r) + i(0 2 4 (O,r) - d\^r))\ + ftj 



abed 
2 



• 3 X (^~) / rafi jecd 1 fac recife , j fee reab\ , ° afecrf 
Z7T I / e « + J ed + J e d + ^4,1 



X(r) 



8tt^ 
3 

8tt^ 
3 

_8tt* 
3x(t 



' tr(J % 6 J Q c J V°) - tr(J V V°) tr(J c J V») 



x{t 
1 



x{rY 



—r tliJS4j^J^W L °) S ~ ^rff + + 

-tr(J V 6 J c J d u; L °)c5 



(C.19) 



where [^t^-f^m] s = 0, and we have also used Hf 2 = Hf x = (which follows from (|B.15|) 
and dEM), and 



X%sX%sX% 4 sX%s + X%sX%sX§sX%s + X$SX%S*$SX%S = -* 4 fc(0, ^(0, r)«. (C.20) 
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